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SUMMARY 
An investigation of the problem of selecting heat - exchanger config-
urations for optimum performance was made . The fluid on one side of the 
exchanger was assumed to have negligible heat - transfer resistance) and 
the amount of heat exchanged per unit time and the mass flow and inlet 
state of each fluid were prescribed . Anyone of the parameters, power 
expended, weight, volume, or frontal area, can be optimized with respect 
to anyone of the three remaining parameters when the heat exchanger is 
arranged normal to the approaching primary fluid. When the heat exchanger 
is inclined at an angle to the upstream direction, any one of the param-
eters, power, weight, or volume, can be optimized with respect to anyone 
of the two remaining parameters . With this arrangement, the projected 
frontal area of the inclined heat exchanger will be equal to that of the 
heat exchanger requiring the minimum duct cross-sectional area when 
arranged normal to the primary fluid flow. 
This method of optimization is illustrated for several compact heat -
exchanger configurations where a prescribed amount of heat is transferred . 
The calculations were made to determine which configuration requires the 
least energy to drive the primary fluid for a prescribed weight, volume, 
or frontal area . The calculations also include inclining the heat ex-
changer at an angle to the upstream direction . For this arrangement, the 
least energy required to drive the fluid for a prescribed weight or volume 
was considered for the various configurations . 
The results for heat - exchanger configurations for which heat - transfer 
data are r eported in the literature are presented in the form of charts 
which illustrate the method of analysis and the results that can be drawn . 
lInstructor, Mechanical Engineering Department of the University of 
Minnesota . 
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INTRODUCTION 
The task of optimiz ing a heat - exchanger design occurs continuously 
in the development of such equipment . Usually the goal of the optimiza-
tion is to make the over - all cost for building and operating the heat 
exchanger a minimum . It is difficult to obtain generally applicable 
results f r om such investigations , since the ratio of initial to operating 
costs and the production costs of different heat -exchanger geometries are 
subject to continuous fluctuations . In some cases) however , especiall y 
for heat exchangers installed in vehicles such as cars, ships, or air -
craft, other factors besides the cost become more important . These pa-
rameters are the power required to drive the coolants through the heat 
exchanger and the weight and over- all volume of the heat - exchanger equip -
ment . In additi on, quite often the frontal area that the heat exchanger 
exposes to the approaching stream of coolant is of spec ial importance . 
For such applications , an optimization is required with respect to these 
parameters . An investigation with this as a goal can be put on quite a 
general basis and can result in generally applicable rules . 
For gener al condi tions, l ike f inite heat resistances on both sides 
of the heat - t r ansferring area and diff er ent mas s -flow rates and heat 
capacities of the two fluids , the task of optimizing an exchanger is a 
complex one which can be perf ormed onl y in several steps . The goal of 
such an investi gation i s to distr ibute the heat - transferring area properly 
to both Si des , to determine the optimum flow velocities for both fluids , 
and to select surface configurations for both passages . Numer ous inves -
tigations of this type have been published (refs . 1 to 8) , especially on 
the subject of opti miz ing regener ators for gas turbines . The complexity 
of the probl em made it necessary to empl oy simplifying assumptions . Heat 
transfer and f riction were assumed to f ollow relations in the form of 
power functions ; entr ance and end losses were neglected . Heat capacities 
and mass - flow rates of both coolants were often assumed equal . Results 
of such calcul ations are very usef ul and t ime saving in approximating 
optimum condi tions; however, they have to be followed by more exact trial-
and- err or cal cul ation s . 
On the other hand) condi tions are much simpler for heat exchangers 
in which the heat resistance on one side is so small that it can be neg-
lected ( r ef s . 9 and 10 ). For suc h a heat exchanger , an optimi zation can 
be carried out on a ver y general basis and with inclusion of all the 
effects that have just been mentioned . Such an investigation is desirable 
for newer applications s uch as oc cur in nuclear - reactor design . The 
present repor t is concer ned with such a study and especially with the task 
of compar i ng diff erent heat - exchanger configurations with respect to pres -
sure drop , frontal area, volume , and weight required . The study is based 
on f r i ction and heat - t r ansfer character istics of heat - eXChanger configu-
rations that have been published r ecently ( refs . 11 and 12) . The study 
also includes the possibility of improving the performance of a heat ex-
changer by arr anging it at an angle to the oncoming coolant stream . 
• 
--- -- -- ~-- ---
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DEVELOPMENT OF HEAT-EXCHANGER EQUATIONS 
Definition of the Optimization Study 
3 
For the present investigation, it is assumed that the heat exchanger 
is arranged in a duct of constant cross section . Generally, an optimi -
zation must consider the conditions f or both media between which the heat 
is exchanged . In this report it is assumed, in accordance with the 
INTRODUCTION, that the heat transfer to the medium on one side of the 
exchanger is such that any heat resistance on that side can be neglected . 
The conductive heat resistance in the primary exchanger wall is also 
consider ed negligible . Under this stipulation} the heat exchanged depends 
only on the conditions of the other cooling medium} which is called the 
primary coolant. The comparison is made between heat exchangers that 
must transfer identical amounts of heat per unit time in the heat ex-
changer; the mass flow of both fluids through the exchanger and t he states 
(pressure and temperature) of the fluids at the entry to the exchanger 
are prescr ibed . Anyone of the parameters) power expended) weight) 
volume) or frontal area, can be optimized with respect to anyone of the 
three remaining parameters . By inclining the heat exchanger into the 
primary flow direction} one of the parameters} power expended} weight) 
or volume} can be optimized with respect to anyone of the remaining two . 
The projected frontal area of the heat exchanger in the inclined position 
is equal to that of the exchanger requiring the minimum frontal area when 
arranged nor mal to the flow . Special consideration will be given to the 
problem of finding which specific heat - exchanger configuration transfers 
the prescribed amount of heat from the pr imary to t he secondary medium 
with the least energy required to drive the primary coolant} for pre -
scribed heat - exchanger weight) volume} or frontal area. Before starting 
with this study) the parameter s that are used to describe a certain heat-
exchanger configuration are summarized briefly . 
Friction and Heat -Transfer Characteristics 
The friction and heat - transfer characteristics of different heat -
exchanger configurations are usually published in the form of friction 
factor f and Stanton number st . For instance} the results of experi -
mental investigations ( refs . 11 and 12 ) on compact heat - exchanger con-
figurations have been published in this form . The present report is 
based on the data of references 11 and 1 2; hence} the definitions and 
nomenclature for the differ ent parameters follow quite closely those in 
the ment i oned references . 
__ J 
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Friction factor . - The friction factor is defined by the following 
equation: 
v2 
& -f~p ~ friction - Ac m 2 ( 1) 
(Symbols are defined in the appendix and in fig . 1 . ) 
St anton number . - The Stanton number describing the heat t ransfer 
from the primary coolant to the heat - exchanger surface is defined by the 
equation 
St = ( 2) 
The specific heat cp will be considered constant . The heat - transfer 
coefficient h is defined by 
The 
(in 
t 
w, m 
exchanger surface area A may consist of a finned and an unfinned 
direct contact wi th the other coolant) surface . In equation (3), 
indicates the mean wall surface temperature on the primary-coolant 
side including the fins . This temperature is lower than the ter~erature 
of the unfinned heat - exchanger wall , since the heat - conduction process 
from the unfinned wall surface into the fins reduces the average temper -
ature of the wall . Equation ( 3) can also be written in such a way that 
it contains the temperature of the unfinned wall surface t W) which is 
equal to the temperature of the second coolant . 
Q = ~OhA(t - t ) w m ( 4a) 
In this expression ~O indicates the surface effectiveness of the total 
primary- coolant - side heat -exchanger surface . This effectiveness is com-
posed of the effectiveness of the fin proper ~f and the effectiveness 
of the unfinned surface (which is assumed to be unity) according to the 
equation 
~O (4b) 
In this equation, Af is the primary- coolant - side fin surf ace and A the 
total (unfinned and finned ) surface . The fin effectiveness is given by 
, - - - - -~ - - - - - - - - - - - -----
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tanh - {2h 1-
11f = 'Vfi ( 4c ) 
f2h~ 
'V"fi 
The friction factor and the stanton number are functions of the 
Reynolds number describing the flow through the heat-exchanger. 
Reynolds number. - The Reynolds number is defined as 
The hydraulic diameter dh in this equation is defined as 
4Ac 
dh = C 
(5) 
( 6) 
There is some arbitrariness in the definitions of Ac and C for pas-
sages that change their shape or cross section in flow direction. In 
agreement with references 11 and 12, the minimum flow area Ac will be 
used and the circumference C is calculated from the relation A = LC 
(for total number of passages) . In some heat-exchanger report s the 
hydraulic radius rh = Ac/c is used instead of the hydraulic diameterj 
therefore , care must be taken in using parameters from the literature to 
determine on which of these characteristic lengths the parameters are 
based . 
In recent investigations at the NACA ( ref. 13), it has been estab-
lished that better corr elations are obtained} especially for large tem-
perature differences, when the density in equations (l)} (2)} and (5) is 
evaluated at the film temperature . Here , the value in the core of the 
fluid (at bulk temperature) will be used} since this simplifies the cal-
culations considerably. Only for heat exchangers operating with very 
large temperature changes are large deviations caused by this 
simplification. 
Thermal effectiveness . - The thermal effectiveness is defined as the 
ratio of the temperature change of that one of the two media for which 
the heat -capacity rate is smaller to the initial temperature difference 
between the two media before they enter the heat exchanger. When the 
medium with the smaller heat -capacity rate mcp is the primary coolant} 
the expression for the thermal effectiveness is 
( 7a) 
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When mlc l p i s smaller than mcp ) the equation i s 
(7b) 
The ther mal effectiveness is always considered positive . In equations 
(7a) and (7b) the temperatures are entered in such a way that a positive 
~T results for heat flow from the secondary to the primary fluid . 
The ther mal effectiveness ~T depends on the flow arrangement in 
the heat exchanger (counterflow) parallel flow ) or cross flow) and on 
the parameter Tu} the number of transfer units . The relation between 
Tu and ~ T can be read f r om f i gures 1 to 7 in refer ence 11 for differ -
ent flow arr angements . Figure 2 shows this relation for some flow 
arrangements . It has an especially simple analytical form for 
mc « mlc l . p p J 
For counter flow with 
Tu 1 ::= In 1 
- ~T 
= mlc l P) 
Tu 
( 8a) 
(8b) 
In the nomenclature used herein, Tu has the form UA/ mcp when 
mcp < mlcp and UA/ mlcp when mcp > mlcp • For negligible heat resist -
ance on the secondary- coolant side and in the primary heat - transfer wall, 
U == 11 0h 
The parameter Tu conver ts to 110hA/ mcp when 
~ohA/m l cp when mcp > ml cp • With the equation 
mc < mlc I p P 
the following r elation holds for 
Tu == 
and for mc > mtc t p p 
mc < mlcpl : p 
A 4L ~ st - ::= 'Tl Ost -d o Ac h 
(9 ) 
and 
( 10) 
( lla) 
( Ilb) 
to 
co 
(j) 
to 
~­
I 
I 
, 
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The thermal effectiveness determines the length- to-diameter ratio of 
the passages according to equations (8a) or (8b) and (lla) or (llb) as 
soon as the parameter ~ost is prescribed . For the heat exchangers in-
vestigated later in this report, ~ost varies between 0 . 002 and 0 . 02 ; 
the larger val ue belongs to configurations having flow separation and low 
Reynolds numbers. For ~ost = 0 . 02 and ~T = 0 . 4) equations (8a) and 
(lla) give a value of L/dh = 6 . 39 . This value may well be too small to 
establish developed flow. However, it will be assumed herein that fric -
tion factors and Stanton numbers are independent of the passage length in 
the direction of flow or, in other words , that the flow is fully developed 
over the major portion of the passage length . Accordingly, some caution 
must be exercised in applying the results of this report when the thermal 
effectiveness of a heat exchanger and the Reynolds number are simultane -
ously small. 
There is a unique relation between the mean temperature difference 
6tm = tw - tm in the heat exchanger, the thermal effectiveness, and the 
initial temperature difference, which in this study is a prescribed pa-
rameter. It can be derived from the following equation for mcp < m' cp: 
Q ::: UA 6tm ::: mCp~T( t~ - t i ) 
or 
Use of equations (lla) and (9) transforms equation (12) into 
~T 
6tm = Tu (ti - t i ) 
This equation holds also for mcp > m'cp' 
Heat -Exchanger Size Parameters 
( 12) 
( 13) 
In addition to the friction and heat - transfer parameters , some pa-
rameters are r equired which describe the particular configuration of the 
exchanger . The ratio of free -flow area Ac for the primary coolant 
stream through the heat exchanger to the frontal area Arr is denoted by 
( 14) 
Another parameter is needed to indicate the amount of heat - transfer 
area A available per unit of total heat - exchanger core volume v . The 
J 
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r atio A/v can be calcul ated for various heat-exchanger configurations 
f r om the informat i on contai ned in references 11 and 12 . In using this 
value as a paramet er , however, the following fact must be considered : 
When a comparison is to be made between different heat- exchanger config-
urations , a parameter should be available that is independent of the scale 
of the particular configurations (wher e the scale, for instance , is char -
acterized by the hydraul ic di ameter dh of the passages) . In the pa-
rameter A/ V, however , the area A i ncreases proportionally to the square 
of the char act er ist i c l ength, whereas the volume v varies proportionally 
to the cube of the characteristic length . Therefore , the value Adhiv 
is a better parameter describing the available surface area per unit 
volume , since this parameter is independent of the s Gale in which the 
particular configur ation is pr oduced . 
The ratio of surface area A to weight W of the heat - exchanger 
core is obtainable from the information in references 11 and 12 . It is 
assumed that all different heat exchangers compared in this report are 
made of the same mater ial; therefore , a density of 1 will be arbitrarily 
postul ated for the solid mater ial of the exchanger . The area weight pa-
rameter is then actually the r atio of surface area to volume of the solid 
material . Again, this parameter has the disadvantage of changing its 
value when the scale of the par ticular heat -exchanger configuration is 
varied . When the heat- exchanger confi guration is enlarged to one geo -
metrically similar, this r atio will vary as the ratio A/ V; in other 
words , a parameter Adhiw wi l l have a constant value for a specific 
configuration regardless of its scale . However , the wall thickness of 
the mater ial from which the heat exchanger is manufactured may be pre -
scribed by the manufacturing pr ocess r ather than by other considerations . 
In this case ) the wall thickness must be kept constant when the scale 
(hydraulic diameter dh ) of the heat - exchanger core is changed . The 
weight then increases propor tionally to the thickness s of the material 
and to the square of the hydraulic diameter , whereas the heat - t r ansfer 
area incr eases proportiona l ly to the square of the hydraulic diameter . 
Cor respondingly, a parameter As/W, with s constant , depends only on 
the geometry and not on the scale . 
Basic Heat - Exchanger Equations 
Heat transferred per uni t volume . - The heat flow transferred in 
the heat exchanger can be written 
( 15) 
Introducing the over - all heat - transfer coefficient U from equations 
(2) and (9) and the mean temperature difference from equation (13) gives 
TJT Q = CpPcVcTJOStA Tu (ti - t i ) ( 16) 
1'0 
co 
m 
1'0 
N 
I 
R 
o 
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Finally, the mass velocity PcVc can be expressed by the Reynolds number 
Re) and the following expression is obtained for the heat flow per unit 
core volume 
v 
(17 ) Q 
- == 
The values on the right side of the equation are grouped together into 
different parameters . The first group consists of the values that are 
characteristic for a specific task of the heat exchanger (specific heat) 
Viscosity, and initial temperature difference) . The second group com-
prises the parameters describing heat - transfer and flow characteristics) 
scale) and configuration of the exchanger. The third group indicates the 
influence of the thermal effectiveness . The expression Q/v is one of 
the relations needed for the intended optimization) since it expresses 
the heat exchanged per unit volume in the parameters that are available 
for the various exchanger configurations . 
Heat transferred per unit weight . - In the same way, the heat ex-
change per unit weight of heat - exchanger core may be written 
( 18) 
Again the r ight side of the equation is composed of parameters pertinent 
to the specific task of the heat exchanger, to the heat - exchanger conftg-
uration) and to the thermal effectiveness. 
Power required for normal flow . - The drop in total pressure in the 
air flow through the heat exchanger consists of three parts: the pres-
sure drop due to friction , the pressure drop due to contraction or de-
celeration at the entrance and exit of the passages, and a pressure drop 
due to acceleration of the flow in this passage caused by the temperature 
increase in the primary coolant . The pressure drop due to friction in 
the passages is characterized by the friction factor and is defined in 
equation (1) . The pressure drop at entrance and exit can be written as 
( 19) 
The pres sure - drop coefficient Ke, for a sudden increase in cross section, 
is usually calculated by use of the equation Ke = (a - 1)2 from the 
momentum law . The coefficient Kc depends on the inlet geometry and has 
to be t aken from reference 14 or from var i ous handbooks . The pressure 
drop due to acceleration is given by 
___ J 
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(20) 
From the total-press ure drop 6P = 6Pfriction + 6Pend + 6Pacc ' the 
power requir ed to drive the air through the heat exchanger can be cal-
culated as 
(21) 
By introduction of equations (1) , (19) , and (20) for the pressure 
dividing equation (2 1) by the core volume v and replacing Ac/ A 
equation (lla) gives the fo l lowing expression for mcp < m t cp 
drop , 
from 
N \l Adh 1 
l)J TJoStRe3 v Tu - = v 
(22) 
This equation expresses the power r equired per unit heat- exchanger volume 
as a func t ion of the pr escr ibed parameters . The first term on the r ight 
side contains only the surface A of the heat exchanger , whereas the 
second term depends a l so on t he ratio of surface area to cr oss - sectional 
area, which in this equation is contained in Tu . The corresponding 
equation for the power requir ed per unit weight for mCp < mtcp is 
N 
W 
Pc 
+ - K P e 
e 
\l A~ 1 1~TJoStRe3 -W- Tu 
( 23) 
In many cases it is of special i nterest to know the amount of power ex-
pended per amount of heat exchanged . This can easily be obtained by 
di v i ding equation ( 22) by equation (17 ) or equation ( 23 ) by equation 
(18 ) . The corresponding express ion for mcp < mtcp is 
N 
Q 
2 ~F fRe2 Tu 
--=---------- -=--- -- + 
2pZc (t ~ _ t.) (l~T}ost T} T 
m p l l n 
Re K ~F2 2 ~
-;::;-ZP cp- m- c-p'C'-;t-:i--""7"t -i ') ~ c 
OPTIMIZATION FOR NORMAL FLOW 
Pc 
+ - K P e 
e 
(24) 
Among the four parameters , power expended, weight , volume , and 
frontal area, anyone can be optimized with respect to anyone of the 
.!d 
o 
oj 
,.a 
C\J 
t 
rz. 
o 
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remalnlng . For instance, it can be determined which of various heat-
exchanger cores, all transferring a prescribed amount of heat Q and 
having the same weight W, requires the smallest power N. The task 
might also be to determine which cor e of a heat exchanger designed for a 
certain heat flow Q and having a prescribed volume v has the smallest 
frontal area Arr ' Such an optimization can be easily made with the he l p 
of figures of the type that will be pr esented for a number of heat -
exchanger configurations that are optimized for minimum power expended 
with respect to frontal area, volume , or weight . The configurations are 
indicated in figure 3 . A r epresentative configuration was chosen from 
each of the different families of exchangers discussed in references II 
and l2 . 
In t he comparisons made in this section, the end and acceleration 
losses have been omit ted from equations ( 22) to (24); as a result of 
these deletions, the following equation s are obtained (for m~ < m'cp): 
and 
3 3 Adh N ~F 
- ::: 2p!~ fRe -v v 
N ~~ 3 Adh 
W 
::: 
----"24 fRe --
2Pmdh W 
N ~~ 
Q = 2p 2c (t~ - t ) 
m p l i 
(25) 
( 26) 
(27) 
End losses can be neglected for heat exchangers t hat have a certain min-
imum depth so that the friction losses are large compared to the end 
losses . Figure 4 illustrat e s t he magnitude of the entrance and exit 
losses in relation to the friction losses . All the curves are not shown, 
since the r anges of f r iction and Stanton parameters were not known in the 
required Reynolds number range . The upper and lower curves for each con-
figuration were obtained by using the corresponding maximum or minimum 
values of the frict ion factor and the Stanton number from the data pre -
sented in r efer ences II and 1 2 . The figure shows that, at a thermal 
effectiveness of about 0 . 7, the end losses for configuration 1 range from 
20 to 30 percent of the friction losses . At an effectiveness of 0 . 3, the 
end losses range from 60 to 100 percent of the friction losses . The 
acceler ation losses are small as long as the temperature increase in the 
heat exchanger remains small compared to the absolute temperature of the 
approaching air flow . 
-I 
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Optimization of Parameter N/Q with Respect to Frontal Area 
For a fixed mass flow m through the exchanger and a prescribed 
density, the frontal area Afr is inversely proportional to the frontal 
velocity Vfr . Accordingly, the frontal velocity may be used as a basis 
for comparison instead of the frontal area. Expressed in terms of the 
Reynolds number, the frontal velocity is 
f-lF 
Vfr = ~ aRe Pc - h 
(28) 
For prescribed inlet conditions and thermal effectiveness, N/Q in equa-
tion (27) is proportional to fRe2/d~~ost. Instead of plotting this pa-
rameter against aRe/dh , which is proportional to Vfr , the value f/a2~ost, which is the ratio of fRe2/~~ost to (aRe/C\)2, can be used. 
In figure 5 the parameter f/a2~ost is plotted against the parameter 
aRe/dh for configurations 1 to 7 (fig. 3). The values of f, st, a, 
and dh were determined from references 11 and 12. Values of ~O were 
calculated with equation (4b) . The value of k in the fin-effectiveness 
expression (~f' eq . (4c)) of 100 Btu per hour per foot per of was used. 
This is indicative of a high- conductivity metal. 
For each of the configurations, except 7 (finned tube), the width 
of the passage for the primary fluid was assumed equal to the width of 
the passage for the secondary fluid, and the parameter a was calculated 
accordingly . This may somewhat favor configuration 7 in its weight, 
volume, and frontal area in the following comparison, since configuration 
7 has a smaller passage area for the secondary fluid. For a comparison 
of the performance of various heat exchangers with prescribed dimensions, 
the hydraulic diameter has different values and the parameters as devel-
oped before must be used. If the heat-exchanger configurations are com-
pared for the same hydraulic diameter, the value dh can be dropped from 
the various parameters . 
A comparison of this nature, where dh is included in one case and 
eliminated in the other, emphasizes the effect of the scale in which the 
particular configuration is produced and is presented in figures 5 and 6, 
respectively . 
Stanton numbers for air were usedj therefore, figures 5 and 6 hold 
for air as primary coolant. They can, however, be used for any coolant 
as long as only ratios of the ordinate values are used for a comparison 
of various configurations . The absolute values of the ordinate are 
valid for a fluid with a Prandtl number Pr when the Stanton number St 
in the parameter on the ordinate is replaced by st(pr/0 .671)2j3. The 
other figures in the report can be generalized in the same way when the 
change in the Stanton number is made wherever it appears. 
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Figures 5 and 6 show that the power N required varies considerably 
for the different heat - exchanger configurations, especially at the higher 
flow veloci ty . When a cer tain f r ontal area (or f r ontal velocity) and 
hea t flow Q are prescribed, a substantial saving can be obtained when, 
fo r i nstance , heat exchanger 3 is replaced by heat exchanger 7 . Figure 
6 indicates that , at a value of aRe ~ 3000, the power N required for 
heat exchanger 3 is 13 . 6 times as large as that for heat exchanger 7 . 
An inspect ion of the different curves shows that the power r equired gen-
er ally de creases as the flow through the passage becomes smoother . In 
this type of optimization, flow separat ion and even turbulence should be 
avoided as much as possible . The relative exchanger volume or weight 
requir ed for the different configurations can be determined from figures 
7 to 10 . 
Opt imization of Parameter N/ Q with Respe ct to Heat 
Transferred per Uni t Volume 
The power requir ed per unit heat flow for various heat - exchanger 
configur ations with respect to heat transferred per unit core volume is 
presented in figures 7 and 8 . The charact eristic or dinate parameters for 
N/ Q are fRe2/~ostd~ or fRe2/~ost f r om equat ion (27) . The corre -
sponding absc issa parameters for Q/v are (~ostRe/d£) Adh/ v or 
( ~ostRe ) Adh/ v from equation ( 17) . Figure 7 compares the heat - exchanger 
configurat i ons using the dimensions shown in figure 3 , whereas figure 8 
compares d i fferent heat- exchanger configurations assuming that all have 
the same hydraul i c diameter . Comparison of figures 7 and 8 shows that 
the scale hydraulic diameter is a parameter to be considered in the 
optimizat ion . For instance, the relative positions of exchangers 1 and 
3 are rever sed . The order of the configurations in figures 7 and 8 is 
significantly different from that in figures 5 and 6 . Heat exchangers 
t hat are poor in the comparison of N/Q with Vfr (or Afr) are good 
in the pr esent comparison, and vice versa . This is especially apparent in 
f igure 8, where the hydraulic diameters of all passages ale equal . This 
means that the selection of the most advantageous configuration will 
depend upon which of the parameter s is especially impor tant in a specific 
application . This behavior has already become apparent in a study on 
bare - tube heat exchanger s repor ted in reference 10 . The relative frontal 
area f or heat exchangers with the same volume can be determined from the 
infor mat i on given in figures 5 and 7 or figures 6 and 8. As would be 
expected from the discussion i n the previous paragraph, that heat ex-
changer i n a gr oup, all having the same core volume , which has an espe -
cially low power consumption per unit of heat transferr ed usually has a 
low f r ont a l velocity and correspondingly a large frontal area . 
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Optimization of Parameter r j Q with Respect to Heat 
Transferred per Unit Weight 
Figure s 9 and 10 are the bases f or a comparison of power expended 
for a heat exchanger with a certain weight . A study of the figures indi-
cates that this comparison generally reveals the same trends as figures 
7 and 8; this means that a heat- exchanger configuration that is good with 
respect to volume is usually a lso good with respect to weight. However) 
there are some exceptions in which a heat exchanger that is better from 
a weight standpoint will have a poorer performance from a volume stand-
point . The corr esponding frontal velocities can be obtained from the 
information presented in figures 5 and 9 or figures 6 and 10 . 
In addition to the exchangers studied in figures 5 t o 10) similar 
calculations have been per formed for the remainder of the configurations 
reported in r eferences 11 and 12 . Because of space limitations, it was 
necessary to r estrict the study herein to a few representative exchangers . 
Similar curves are available from the Heat Transfer Laboratory) University 
of Minnesota for the remainder of the configurations . 
MODIFICATION OF EQUATIONS FOR INCLINED HEAT EXCHANGER 
In the pr eceding optimization it became evident that a gain in one 
of the parameters is usually accompanied by a loss in another; for in-
stance) in the comparison of heat exchangers with the same frontal area) 
the ones that had an e sp ecially low power requirement had a large weight , 
and vice versa; or in the comparison on the basis of the same weight , the 
heat exchanger with a l ow power consumption generally had a large frontal 
area . In some cases it may be possible to circumvent this difficulty by 
inclining the heat - exchanger face at an angle to the direction of the 
oncoming air flow (fig . 11) . The air flow is directed into the heat ex-
changer by a group of turning vanes . Another gr oup of vanes redirects 
the air as it leaves the heat exchanger . In this arrangement , even when 
the cross section of t he oncoming air stream is f i xed, the frontal area 
of the heat exchanger can be varied by changing the angle through which 
the heat exchanger is turned from its normal position . This angle is 
identified as ~ (fig . 12). The advantage of such an arrangement , how-
ever, is r estricted to heat exchanger s with a length that is small r e la-
tive to the width of the projected area of the heat- exchanger face; other -
wise , the total width of the arrangement becomes considerably larger than 
the width of the approaching air stream (see fig . 11) . In this report, 
the configurations are compared for equal projected face area; no attempt 
is made to evaluate the tot al width of the arrangement . 
Turning the flow twice in its direction causes pressure losses, and 
the question arises as to how much these losses increase the power ex-
penditure and through what angles various heat - exchanger configurations 
must be turned to create optimum conditions . 
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Terms that describe the losses connected·with the turning of the 
flow have to be added to the r elations f or the energy expended to direct 
the flow through the heat exchanger ( eqs . (22) and (24)) . Very little 
information is contained in the literature on losses in turning vanes 
that turn the flow through a considerable angle and at the same time 
decelerate it . For this reason) the turning losses will be introduced 
into the following optimization for a specific vane configuration for 
which the losses can be obtained by calcul ations when the flow is assumed 
to be incompressible . This configurati on consists of a row of straight 
blades arranged parallel to the direction of the flow passages through 
the heat exchanger (fig . 12) . If the conservation of momentum is con-
sidered for a control area, as indicated by the dashed block in the fig -
ure} the following result is obtained : The flow enters the control area 
through the plane l - l! in the direction of the duct with a velocity Va . 
The momentum flow in the direction of the heat - exchanger passages through 
plane l - l ! is given accordingly by the fo l lowing expression : 
mVo cos ex, 
The flow leaves the control area through plane 2- 2! with a velocity 
parallel to the heat - exchanger passages of magnitude Vfr . The corre -
sponding momentum flow is 
mVfr 
From the consideration of continuity} it follows that the two velocities 
Va and Vfr are connected by the following relation: 
Vfr = Va cos ex, 
This shows that the momentum flows in the heat -exchanger passage through 
planes l - l ! and 2- 2! are equal . If the number of vanes in the duct is 
sufficient} it has to be expected that the flow conditions through plane 
1- 2 are exactly the same as through plane 1 !-2! so that no net momentum 
transport into the control area through these planes occurs . Correspond-
ingly} no change of momentum of the flow in passing through the control 
area occurs ; and} as a consequence ) the static pressures in the area l - l ! 
and the area 2- 2! have to be equal . In other words} the decrease in 
velocity occurs without an increase in static pressure . After passing 
the heat exchanger} the flow has to be turned back in the direction of 
the duct} and at the same time it is accelerated to the velocity in the 
smaller duct area . This turning of the flow with the accompanying accel-
eration can be accomplished with very good efficiency by turning vanes 
so that in the present calculation it will be assumed that this turning 
is effected without losses . Correspondingly} Bernoulli!s equation de -
scribes the pressure drop from the exit plane 3- 3! to the plane 4 - 41 in 
the duct downstream of the heat - exchanger passage; 
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From the conti nuity it follows that 
Therefor e) 
V3 
V4 == cos a., 
2 tan a., (29) 
Because of the turning aspects alone ) there is a drop in static pressure 
from Pl to P4 that is e~ual to P3 - P4 . The difference in total 
pressure caused by the inlet vanes is found from P3 - P4 by adding the 
kinetic energy in plane 1 -1') where the velocity is Vfr ) and subtracting 
the kinetic energy in plane 4 - 4 ' . The total-pressure drop connected with 
the turning of the flow can be expr essed by an e~uation of the form 
V~ 
DE == Ktp c 2f ( 30 ) 
analogous to the pressure drops for friction and acceleration . This 
results in the following values of the loss parameter : 
( 31) 
The losses calculated in this way should lead to an estimate that is high 
for the turning losses . By a good design of the decelerating vanes ahead 
of the heat exchanger) it should be possible to reduce these losses con-
siderably . Addition of the term Kt into the s~uare bracket on the 
right side of e~uations (22) to (24) makes them applicable t o heat ex-
changers arranged at an angle a., to the oncoming stream and e~uipped 
with turning vanes . With this addition) e~uation (24) becomes 
2 
N iJ.F 
Q == 2p;cp (ti - t i ) 
2 
Tu + ~ _____ iJ.7F70 __ ~-' 
TlT 2p P c ( t! c m p 1 t . ) 1 
x 
(32) 
1-- - - - - - - - - - - --1 
1'0 
I 
1Xi" 
o 
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Equations (17) and (18) for Q/ v and Qjw remain as previously pre -
sented . For the numerical evaluations in the next section, it is assumed 
that the heat capacity of the second fluid may be very large (mrcp » mcp ) 
so that Tu as given by equation (8a) is now inserted into equations (17) 
and (18) . It may also be specified that the temperature increase in the 
primary fluid in the heat exchanger is moderate, so that the acceleration-
Pc 
loss term - 1 in equation (32) can be omitted. 
OPTIMIZATION OF INCLINED HEAT EXCHANGERS 
The optimization of heat exchangers is studied in the following way : 
It is assumed that different heat exchangers are to be compared which all 
have to transfer a certain amount of heat Q with prescribed initial 
temperature difference, prescribed state of the oncoming air flow, and 
prescribed thermal effectiveness. Also, the weight or the core volume of 
the heat exchanger will be assumed as fixed in the comparison. Addition-
ally, the heat-capacity rate of the second fluid may be very large 
(mrcp » mcp) so that Tu is given by equation (8a). Figures 5 and 7 or 
figures 6 and 8 make it possible t o determine the relative frontal areas 
of the heat - exchanger configurations that are considered for the optimi -
zation . The configuration that requires t he smallest frontal area corre -
sponding to the largest value of the parameter aRe or aRe/dh is 
designated as the standard exchanger . It is assumed that this heat-
exchanger core is arranged normal to the oncoming air stream (~ ~ 0) . 
All other heat exchangers then require a larger frontal area and have to 
be arranged at a certain angle to the duct when the duct area is required 
to be the same as for the standard exchanger. The angle at which the heat 
exchanger has to be arranged can be obtained from the condition that for 
a constant duct area and a constant cooling air mass flow, the two duct 
velocities VO , a and VO,b must be equal. Here, the subscript a 
refers to the standard exchanger and the subscript b to some other ex-
changer . The following equation results for t he angle at which heat -
exchanger b has to be arranged : 
cos ~ ( 33) 
Replacing the core velocities by the corresponding Reynolds numbers re-
sults in the following final equation : 
abReb dh,a 
cos ~ ~ R --
aa ea dh,b 
( 34) 
The properties ~ and P are equal in both cases and , hence, disappear 
from this relation . 
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For a prescribed value Q/v or Q/W, the abscissa parameter in 
figures 7 to 10 can be determined from the appropriate equation ( 17) or 
(18). From the corresponding ordinate parameter and figures 5 and 6, the 
Reynolds number can be obtained . Equation (34) fixes the angle ~ 
through which each configuration must be turned to maintain the constant 
projected face area . When this angle is known, the power required per 
unit of heat transferr ed can be calculated from equation (32) with accel-
eration loss omitted . The values N/Q may now be compared for the dif -
ferent configurations, and that heat- exchanger configuration which re-
quires the least power has to be considered as the optimum configuration. 
Such a comparison has been made and is presented in figures 13 to 16. 
Values for Kc were taken from reference 14 (fig . 52) and various hand-
books . The dashed line in each figure r epresents the standard exchanger 
(exchanger 2, fig . 3) arranged normal to the main flow (~ = 0) . All 
other exchangers must be placed at an angle to the duct to obtain the 
same duct cross - sectional area . Ar~les are indicated for several values 
of the abscissa . At each abscissa location, the angles reading from top 
to bottom refer to the curves reading from top to bottom (e.g ., in fig . 
13(a), at a value of the abscissa of 10, heat exchanger 1 must be in-
clined at an angle of 53 . 20 ) • 
I n some cases it may be noted that one or more of the exchangers is 
missing from the comparison . This situation occurs when the friction and 
Stanton parameters are not known in the required Reynolds number range. 
Three plots , which correspond to three values of the thermal effectiveness 
of the heat exchanger (0 . 3, 0 . 5, and 0 . 7) , are presented in each figure. 
Figure 13 shows the value that is propor tional to N/Q for heat 
exchangers plotted against a parameter proportional to Q/v with the 
assumption that the different heat - exchanger configurations are compared 
for the hydraulic diameters for which each configuration has been inves-
tigated (ref . 11 or fig . 3) . Figure 14 presents the same comparison when 
the various configurations have the same hydraulic diameter . Figures 15 
and 16 show the results of an analogous comparison based on equal weight 
for the various heat exchangers . 
Frem figures 13 and 14 it can be observed that, for fixed values of 
the abSCissa, increases in the thermal - effectivenss parameter ~r result 
in increased values of required power. For instance, figures 13~a)) (b)) 
and (c) show that for an abscissa value of 8xl05 (propor tional to Q/ v) 
the values proportional to N/Q corresponding t o ~T = 0 .3, 0 .5, and 
0 . 7 for the standard heat eXChanger are about 1500, 2000, and 4000 xl010, 
respectively. Moreover, for those heat - exchanger configurations in fig-
ures 13 and 14 that show crossover, the points of crossover occur at 
smaller values of the abscissa as the thermal effectiveness parameter 
~T increases . Similar results are also noticeable in figures 15 and 16 . 
J 
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Figures 13 to 16 show that the hydraulic diameter should be con-
sidered in the optimization of inclined heat exchangers as well as in 
normal heat exchangers . It can also be r ecognized from the figures that 
considerab l e savings in the power expended can be obtained by a proper 
choice of the exchanger configuration and by inclined orientation in the 
duct for the primary fluid, especially when the heat- exchanger weight is 
of primary importance . In figure 15(a) , for instance, the best configu-
ration consumes a power that is approximately one - fifth to one - eighth the 
power required for the configuration with largest ordinate (proportional 
to N/Q) . In this connection it should be remembered that turning losses 
were estimated on a conservative basis . Even larger savings in power ",i ll 
be exper ienced when the turning losses can be reduced by proper turning 
vanes . 
SUMMARY OF RESULTS 
The selection of an optimum configuration for a heat exchanger with 
one dominating film resistance was discussed . The amount of heat trans-
ferred per unit time and the mass flow and inlet state of each fluid were 
prescribed . Power required to drive the primary fluid was optimized with 
respect to weight , volume, or frontal area for a group of heat exchangers 
presented in references 11 and 12 as illustrative examples . Results ob -
tained from these optimizations are summarized as follows: 
1. No heat - exchanger configuration was found which can be considered 
the best under all conditions. It is probable that such an optimum con-
figuration does not exist . 
2 . For a gi ven volume, the heat exchanger that required the least 
power to drive the primary fluid had the smallest frontal velocity (or 
t he largest frontal area) . 
3 . A heat exchanger that is good with respect to volume is usually 
also good with respect to weight . 
4 . In the comparison of heat exchangers with the same frontal area, 
geometries that produce smooth flow without separation. r equire the least 
power . 
5 . In the comparison of heat exchangers with equal volume or weight , 
geometr ies r equiring the least power are those which encounter a fair 
amount of flow disturbance and separation. 
6 . For given weight or volume, the power required to drive the pri-
mary fluid through an exchanger inclined at an angle to the approaching 
fluid is l ess than that reqUir ed for a minimum duct - area exchanger 
arranged normal to the flow when the projected frontal area of the 
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inclined exchanger equals the minimum duct area of the normal exchanger . 
This advantage is sufficiently large that it will still persist when the 
pr ojected frontal area is only moderately larger than the duct area . 
7 . The effect of change in scale of the various configurations was 
determined by opt i mizing for assumed equal hydraulic diameters . The 
results showed that a change in scale altered the order of preference of 
the exchanger when mlnlmum power i s required for a prescribed weight , 
volume , or frontal area . 
Lewis Flight Propulsion Laborator y 
National Advisory Committee for Aeronautics 
Cleveland, Ohio , Febr uary 29) 1956 
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APPENDIX - SYMBOLS 
The following symbols are used in this report: 
A heat - transferring area 
free -flow area 
fin area 
~r frontal area 
C circumference of passage in heat exchanger 
specific heat at constant pressure of primary fluid 
specific heat at constant pressure of secondary fluid 
hydraulic diameter 
friction factor 
h heat - transfer coefficient 
K pressure-drop 
k thermal conductivity 
L duct length 
one -half fin length 
m mass flow of primary fluid 
ml mass flow of secondary fluid 
N power required 
P total pre ssure 
Pr Prandtl number, ~~/k 
p static pressure 
Q heat flow transferred in exchanger 
hydraulic radiUS, Ac/C 
J 
22 
Re 
St 
s 
Tu 
t 
t' 
u 
v 
v 
w 
TJo 
p 
a 
Reynolds number) pVdhi~ 
stanton number) h/ CppV 
thickness of exchanger walls 
number of transfer units 
primary fluid temperature 
wall temperature 
secondary fluid temperature 
over - all heat - transfer coefficient 
velocity 
heat - exchanger core volume 
heat - eXChanger weight 
angle of heat exchanger towards flow direction 
surface effect iveness 
fin effectiveness) 
tanh~ 7, 
. /2h 7, 
'Yfi 
thermal effectiveness 
viscosity 
density of air 
contraction of heat - exchanger passages, Ac/Afr 
fin thickness 
Subscripts : 
a standard heat eXChang er s (~ = 0) 
acc acceleration 
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b heat exchanger other t han standard exchanger (a f 0) 
c see fig . 1 
e exit 
end end 
F 
f 
fr 
friction 
i 
m 
t 
0) 1) l ' J 
2) 2 ') 
3) 3' J 
4) 4' 
at film temperature 
fin 
frontal 
friction 
inlet 
mean 
turning 
see fig. 12 
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Figure 1. - Schematic representation of heat exchanger and flow passages . 
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Figure 3 . - Configurations and dimensions of heat exchangers used in this investigat ion . 
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exchanger weight parameter using hydraulic diameters of configu-
rations shown in figure 3 . Primary fluid , air. 
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Figure l3. - Performance parameter of inclined heat ex-
changers against core -volume parameter for hydraulic 
diameters of configurations shown in figure 3 . Prim-
ary fluid, a ir; mcp«m'cp. 
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Fi gure 13 . - Continued. Performance parameter of inclined heat 
exchangers against core -volume parameter for hydrauli c diam-
eters of configurations shown in figure 3 . Primary fluid, 
air ; mcp «m ' cp. 
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Figure 13 . - Concl uded . Performance parameter of inclined 
heat exchangers against core -volume parameter for hydraul-
ic diameters of configurations shown in figure 3. Prim-
ary fluid, air ; mcp « m'cp. 
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Fi gure 14 . - Pe rformance pa rameter of incl ined heat exchangers 
a gain s t core-volume paramete r u s ing equal hydrauli c diam-
eters for all exchan gers . Primary flui d , a ir ; mcp « m! cp . 
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Figure 14. - Continued . Performance parameter of inclined heat 
exchangers against core -volume parameter using equal hydraul-
ic diameters for all exchangers. Primary fluid, air; mcp «m' cpo 
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Figure 14 . - Concluded . Performance parameter of inclined 
heat exchangers against core -volume par ameter using 
equal hydraulic diameters for all exchangers. Primary 
fluid, air ; mc « ID ' C I. 
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Figure 15. - Performance parameter of inclined heat exchangers 
against core-weight parameter for hydraulic diameters of con-
figurations shown in figure 3. Primary fluid, air; mcp«m'cp. 
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Fi gure 15 . - Continued . Performance parameter of inclined 
heat exchanger s against cor e -weight parameter for hydraul -
i c diameter s of confi gurations shown in figure 3 . Pri mary 
flUi d , air ; mcp « m' c; . 
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Figlrre 15 . - Concluded. Performance parameter of inclined 
heat exchangers against core-weight parameter for hydraul-
ic diameters of configura tions shown in figure 3 . Primary 
fluid, air ; mcp « m' cp. 
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Fi gure 16 . - Performance parameter of inclined heat exchangers against 
core-weight paramet er using equal hydraulic diameters for all ex-
changers . Primary fluid, air ; mcp « m I cp' 
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Figure 16 . - Continued . Performance parameter o~ inclined heat 
exchangers against core -we i ght parameter using equa l hydraulic 
diameters for all exchangers . Primar y fluid, a i r ; mcp « m I cp' 
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Figure 16. - Concluded. Performance parameter of inclined heat 
exchangers against core-weight parameter using equal hydraulic 
diameters for all exchangers. Primary fluid, a ir; m~« m' cp' 
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